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We propose a theoretical model which relies on the generalized Langevin equation and may account
for various dynamical features of the thermal motion of organelles, vesicles or macromolecules in
viscoelastic media such as polymer networks. In particular, we consider inertial and hydrodynamic
effects at short times, subdiffusive scaling at intermediate times, and eventually optical trapping
at long times. Simple analytical formulas for the mean square displacement and velocity auto-
correlation function are derived. The developed theory is applied to the analysis of fifty-second long
trajectories of micron-sized spherical tracers in actin gels that were acquired at one microsecond
temporal resolution by using optical tweezers single-particle tracking. For the first time, both the
subdiffusive scaling and hydrodynamic effects are observed within a single experiment and accurately
described by a minimal phenomenological model.
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Single-particle tracking (SPT) techniques allow to sur-
vey individual trajectories of organelles, vesicles, macro-
molecules or artificial tracers in order to infer the most
detailed information about their dynamics in complex or
viscoelastic media, notably in living cells [1–9]. A reli-
able solution of this stochastic inverse problem requires
the appropriate choice of a theoretical model that accu-
rately describes all the relevant features of the dynamics
(e.g., viscoelastic properties of the polymer network or
the cytoskeleton, hydrodynamic interactions, and even-
tual optical trapping). In a simple viscous medium (e.g.,
water), the random trajectory X(t) of a tracer of mass
m diffusing in a harmonic potential of spring constant k
can be described as a solution of the Langevin equation
mX¨(t) = F (t)+FS(t)−kX(t), in which interactions of a
tracer with the surrounding bath are represented by the
thermal force F (t) and the instantaneous Stokes force
FS(t) = −γX˙(t) with the viscous drag coefficient γ [10].
Two separate extensions of the Stokes force have been
thoroughly studied. First, hydrodynamic interactions of
a big tracer with the surrounding fluid were included by
adding the Basset force which for a spherical tracer of
radius a reads as [11]
FB(t) = −2
3
pia3ρfX¨ − 6a2√piρfη
t∫
−∞
dt′
X¨(t′)√
t− t′ , (1)
where ρf and η are the fluid density and viscosity (note
the Stokes-Einstein relation γ = 6piaη). The influence of
hydrodynamic interactions which appear at short time
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scales, has been thoroughly investigated, both theoret-
ically [12–17] and experimentally [18–22]. Second, the
viscoelastic properties of the medium were included by
replacing the instantaneous Stokes force by a friction
memory kernel γα(t) [23, 24]
FS(t) = −
t∫
−∞
dt′γα(t− t′)X˙(t′). (2)
In particular, a slowly decaying kernel γα(t) =
γα
Γ(1−α) t
−α with an exponent 0 < α < 1 leads to sub-
diffusive scaling of the mean square displacement (MSD)
at intermediate (or long) times: 〈(X(t) −X(0))2〉 ∝ tα,
where 〈. . .〉 denotes the ensemble average over random
realizations of the thermal force [25–31]. The subdif-
fusive behavior has been observed experimentally in a
variety of viscoelastic media, notably in living cells [1–
9]. Although the above two “mechanisms” were sepa-
rately documented, neither theoretical, nor experimental
investigation including both mechanisms was reported,
mainly because of significantly different time scales at
which both mechanisms emerge.
In this letter, we present optical tweezers experiments
in which the hydrodynamic interactions and subdiffusive
scaling manifest simultaneously, and a theory which ac-
curately describes the experimental results. In partic-
ular, we derive simple analytical formulas for the MSD
and the velocity auto-correlation function (VACF) that
are used for fitting experimental MSD and VACF. We
show that the inclusion of hydrodynamic interactions is
necessary for accurate analysis of trajectories of big trac-
ers, especially at short times (several µs).
The hydrodynamic interactions and subdiffusive scal-
ing can be combined by including the Basset force (1) and
2the Stokes force (2) into a Generalized Langevin equa-
tion (GLE). Since experimental data are available from a
starting time (that we set to 0), one employs the causal-
ity principle to cut the integrals in Eqs. (1, 2) below 0.
Applying the standard technique of forward and inverse
Laplace transforms to this linear GLE, one gets a formal
solution as [30, 31]
X(t) = X0(t) +
t∫
0
dt′ G(t− t′)F (t′), (3)
in which the deterministic term X0(t) (depending on the
initial conditions) and the stochastic term are both de-
termined by the linear response function G(t) which is
defined through its inverse Laplace transform
G˜(s) =
[
ms2 + γ˜(s)s+ k
]−1
, (4)
where the effective friction kernel γ˜(s) includes both
the hydrodynamic interactions and subdiffusive scaling:
γ˜(s) = 12mfs + γhs
1/2 + γαs
α−1, with γh = 6pia2
√
ρfη
for a purely viscous medium, and mf = 4pia
3ρf/3 being
the mass of the fluid displaced by the tracer. Both co-
efficients γα and γh are related to the viscosity of the
medium. However, finding this relation for viscoelastic
media would require a microscopic model for hydrody-
namic interactions that is beyond the scope of the letter.
When the thermal force F (t) is Gaussian, its dis-
tribution is fully characterized by its mean, 〈F (t)〉 =
0, and the covariance which is related to the fric-
tional part through the fluctuation-dissipation theorem:
〈F (t)F (t′)〉 = kBTγ(|t − t′|), kB being the Bolzmann’s
constant, T the absolute temperature [32, 33]. In that
case, all the dynamical properties are fully determined
by the effective kernel γ(t) or, equivalently, by G(t). In
particular, the exact formulas for the MSD and VACF
from [30, 31] can be approximated as
〈[X(t1)−X(t2)]2〉 ≃ 2kBT G(1)(|t1 − t2|), (5)
〈X˙(t1)X˙(t2)〉 ≃ kBT g(|t1 − t2|), (6)
where g(t) and G(1)(t) are the derivative and the prim-
itive of G(t), respectively (the influence of correction
terms was studied in [31]).
The practical use of the explicit relations (5, 6) requires
computing inverse Laplace transform of G˜(s). Except few
particular or limiting cases, no analytical representation
of G(t) is suitable for fitting experimental curves in the
presence of the long memory friction kernel (i.e., with
0 < α < 1). To overcome this problem, several shortcuts
have been proposed such as using the Laplace transform
of the experimental MSD [38] or “bypassing the foray
into Laplace space” through the Fourier transform [39].
We propose a simple way to get an accurate explicit
representation of the linear response function G(t) and,
consequently, of the related quantities such as the MSD
and VACF. For this purpose, we approximate the scaling
exponent α by a rational number p/q, with integer p and
q. Changing s to a new variable z = (sτ)1/q (with τ
being an appropriate time scale) allows one to represent
the non-analytic function 1/G˜(s) of s as a polynomial
P (z) of dergee 2q
τ2
MG˜(s)
≡ P (z) = z2q + γh
√
τ
M
z3q/2 +
γατ
2−α
M
zp +
kτ2
M
,
whereM = m+mf/2 is the effective mass (note that 3q/2
is integer by setting q to be even). For convenience, we
choose the time scale τ by setting the coefficient in front
of zp to 1: τ = (M/γα)
1/(2−α). The above polynomial
has 2q (complex-valued) roots zj . In a general situation,
all the roots are distinct (i.e., zj 6= zk for j 6= k) so
that one gets Mτ2 G˜(s) =
2q∑
j=1
Aj
z−zj , with the coefficients
Aj =
2q∏
k 6=j
(zj − zk)−1, from which the inverse Laplace
transform yields
G(t) =
τ
M
2q∑
j=1
Aj(t/τ)
1
q
−1E 1
q
, 1
q
(
zj(t/τ)
1
q
)
, (7)
where Eα,β(z) is the Mittag-Leffler function [34, 35].
From this expression, one deduces the analytical formu-
las for G(1)(t) and g(t) which are related to the MSD and
VACF through Eqs. (5, 6):
G(1)(t) =
τ2
M
2q∑
j=1
Aj (t/τ)
1
qE 1
q
, 1
q
+1
(
zj(t/τ)
1
q
)
, (8)
g(t) =
1
M
2q∑
j=1
Aj (t/τ)
1
q
−2E 1
q
, 1
q
−1
(
zj(t/τ)
1
q
)
. (9)
The integral representation of Mittag-Leffler functions
[34] can be used for a rapid and accurate numerical com-
putation of G(1)(t) and g(t).
The above model includes the known explicit solutions:
(i) normal diffusion of a massive tracer (α = 1 and
γh = 0) corresponds to p = q = 1 for which E1,1(z) =
ez and thus G(t) = (A1e
z1γ1t/M + A2e
z2γ1t/M )/γ1, with
z1,2 = − 12
(
1±
√
1− 4kM/γ21
)
. When M → 0, it reduces
to G(t) = e−kt/γ1/γ1.
(ii) normal diffusion of a massive tracer with hydro-
dynamic interactions (α = 1 and γh 6= 0) is obtained
for p = q = 2, for which the functions E 1
2
,n
2
(z) can be
expressed through E 1
2
,1(z) = e
z2erfc(−z) that yields the
classical formulas for the MSD and VACF [14, 18, 22]
(here erfc(z) is the complementary error function).
(iii) when there is no optical trapping (k = 0), some
roots zj are zero so that one gets another representation
M
τ2 G˜(s) =
1
zp
∑
j
A¯j
z−zj , in which A¯j =
∏
k 6=j
(zj − zk)−1 and
the sum and product are taken over all nonzero roots zj
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FIG. 1: (Color online) Theoretical time-averaged MSD and
VACF of a spherical tracer in a viscoelastic medium. Curves
from Eqs. (8, 9) are shown by thick solid blue line (α = 7/8,
k = 3.77 · 10−6 N/m, γα = 4.6 · 10
−7 kg/s9/8, γh = 8.0 · 10
−11
kg/s1/2, M = 2.84 · 10−14 kg); curves from Eqs. (11) without
optical trapping (k = 0) are shown by red crosses, and the
asymptotic behaviors at different time scales are shown by
thin black lines. Vertical dotted lines locate three character-
istic time scales τh, τ and τk, while the vertical dashed line
separates the regions with positive and negative values of the
VACF. The arrow indicates the region where the inertial and
hydrodynamic effects lead to deviations from the subdiffusive
scaling.
of the polynomial P (z). The Laplace inversion of this
relation yields
G(t) =
τ
M
∑
j
A¯j(t/τ)
1+p
q
−1E 1
q
, 1+p
q
(
zj(t/τ)
1
q
)
, (10)
from which
G(1)(t) =
τ2
M
∑
j
A¯j(t/τ)
1+p
q E 1
q
, 1+p
q
+1
(
zj(t/τ)
1
q
)
,
g(t) =
1
M
∑
j
A¯j(t/τ)
1+p
q
−2E 1
q
, 1+p
q
−1
(
zj(t/τ)
1
q
)
.
(11)
The classical formulas for α = 1 can be retrieved by
setting again p = q = 2 [12, 13]. In turn, for sub-
diffusion with γh = 0, the above formula reduces to
G(t) = tME2−α,2(−(t/τ)2−α) [29–31].
Using the properties of Mittag-Leffler functions and
relations for the roots zj of the polynomial P (z), one
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FIG. 2: (Color online) Experimental time-averaged MSD and
VACF of a spherical tracer in water (dashed curves) and in an
actin gel for the weak (group of blue solid curves) and strong
(group of red solid curves) optical traps, with trap constants
k1 and k2, respectively. Five curves in each group show the
results for five acquisitions. Red full circles are added for the
VACF plot in order to better distinguish two groups.
can derive the asymptotic behavior of G(t) (and thus the
MSD and VACF) at different time scales (Fig. 1):
G(t) ≃ t
M
− 4γht
3
2
3
√
piM2
+
γ2ht
2
2M3
− 8γ
3
ht
5
2
15
√
piM4
+ . . . (t≪ τh),
G(t) ≃ t
α−1
γαΓ(α)
− γht
2α− 5
2
γ2αΓ(2α− 32 )
+ . . . (τ ≪ t≪ τk),
G(t) ≃ γαt
−α−1
|Γ(−α)|k2 +
γ2αt
−2α−1
Γ(−2α)k3 −
3γht
− 5
2
4
√
pik2
+ . . . (t≫ τk),
where τk = (γα/k)
1/α is the trapping time and τh =
(M/γh)
2 is the characteristic time for hydrodynamic in-
teractions. For normal diffusion (α = 1), one retrieves
the classical behavior: g(t) ≃ γh
2
√
piγ2
1
t−3/2 [12] for k = 0
and g(t) ≃ 15γh
8
√
pik2
t−7/2 for k > 0 [14].
In order to verify the influence of hydrodynamic in-
teractions on subdiffusion of big tracers, the trajecto-
ries of a spherical bead immersed in an actin gel were
recorded. The experimental set-up has been described in
[36, 37]. The actin filaments were reconstituted from the
pre-formed actin filaments (Cytoskeleton, Inc. AKF99-
A) by dissolving in 2 ml of Milli-Q water. This gives
the concentration of 0.5 mg/ml in the following buffer:
46 mM Tris-HCl pH 8.0, 0.24 mM CaCl2, 0.24 mM ATP,
2.4 mM MgCl2 and 6% (w/v) sucrose. The 3 µm diame-
ter melamine resin beads (Microparticles GmbH, S1712)
were added to water beforehand. The actin filaments
with beads have been placed between a microscope slide
and a coverslip separated by 200 µm spacers. The ob-
tained sample chamber was divided into two parts: one
for actin, and the other for pure water. Both solutions
contained the same kind of tracers.
The measurements in water served as a reference for
calibration of the trap. The time-averaged MSD was
computed from the position fluctuation signal recorded
in volts and fitted by 2kBTβ
2G(1)(t) with G(1)(t) given
by Eq. (8) with p = q = 2 (i.e., α = 1), ρf = 1000 kg/m
3
(water density), ρ = 1510 kg/m3 (melanine resin den-
sity), η = 0.959 · 10−3 kg/m/s (dynamic viscosity of wa-
ter at T = 295 K), a = 1.5 µm (bead radius). The
only fitting parameters were the spring constant k and
the volt-to-meter conversion factor β. For two laser pow-
ers, we obtained k1 = 3.77 · 10−6 N/m (weak trap) and
k2 = 1.28 · 10−5 N/m (strong trap), respectively. Subse-
quently, all MSDs recorded in the actin gel were renor-
malized to get the same long-time plateau value 2kBT/k
of the time-averaged MSD as for beads in water.
After calibration, the time-averaged MSD and VACF
are calculated separately for each bead as
M(t) ≡ 1
N − n
N−n∑
k=1
[
X((k + n)δ)−X(kδ)]2, (12)
V(t) ≡ δ
−2
N − n− 1
N−n−1∑
k=1
[
X((k + 1)δ)−X(kδ)] (13)
× [X((k + n+ 1)δ)−X((k + n)δ)],
where X(t) is the coordinate of the bead at time t, N is
the number of points of the acquired trajectory, t = δn
is the lag time, and δ is the time step of data acquisition.
In the set-up, δ = 1 µs and N = 5 · 107 (fifty-second long
trajectories).
Figure 2 shows the time-averaged MSD and VACF of
a spherical tracer in an actin gel. The first group of blue
solid curves corresponds to five trajectories in the weak
optical trap, while the second group of red curves corre-
sponds to five trajectories in the strong optical trap. The
curves from each group are close to each other. Devia-
tions between curves within one group can be attributed
to heterogeneities in the actin gel. Note also that the
curves from both groups are close to each other at small
times at which the optical trap is negligible. For com-
parison, the MSD and VACF for the same bead in water
are shown by black dashed lines.
The characteristic feature of big tracers at short times
is a clear deviation from the subdiffusive scaling with
the exponent α at intermediate times (in the range
10−5 − 10−2 s). The VACF is particularly sensitive to
this deviation which is caused by the inertial and hydro-
dynamic effects. In fact, the MSD and VACF of a mass-
less tracer are respectively 2kBTk (1−Eα,1(−ktα/γα)) and
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FIG. 3: (Color online) Experimental time-averaged MSD and
VACF of a spherical tracer in an actin gel (circles) compared
with three theoretical models: the complete model (anoma-
lous diffusion with hydrodynamic interactions; shown by solid
blue curve), and its two simplified versions, in which the
hydrodynamic interactions and then the inertial effects are
neglected. The model parameters are: k = k1, α = 7/8,
γα = 4.38 · 10
−7 kg/s9/8, γh = 8.0 · 10
−11 kg/s1/2, M =
2.84 · 10−14 kg.
kBT
γα
tα−2Eα,α−1(−ktα/γα) that for short times behave as
2Dα
Γ(α+1) t
α and −Dα|Γ(α−1)| t
α−2, where Dα = kBT/γα is the
generalized diffusion coefficient [30, 31]. In particular,
this VACF is always negative showing anti-persistence in
random displacements of a massless tracer. In turn, the
inertial and hydrodynamic effects ensure that the VACF
becomes positive at short time. The change of sign of the
VACF at t = 5− 6 µs is clearly seen on Fig. 2.
Searching for a minimal phenomenological model to de-
scribe the motion of big spherical tracers in actin gels, one
may question whether the inclusion of the hydrodynamic
interactions is relevant or not. In other words, would it
be sufficient to include only the inertial term ms2 but
neglect the term γhs
3/2? Figure 3 illustrates the impor-
tance of the hydrodynamic interactions. We compare the
experimental MSD and VACF (circles) for one trajectory
with the theoretical curves obtained from the complete
model (i.e., when both the inertial and hydrodynamic ef-
fects are included), and two simplified models, in which
one first neglects the hydrodynamic interactions (setting
γh = 0 andM = m) and then ignores inertial effects (set-
ting γh = 0 andM = 0). One can see that the theoretical
5MSD and VACF from Eqs. (8, 9) (referred to as com-
plete model) correctly reproduce the experimental ones
over 7 orders of magnitude in time (the range being nar-
rower for the VACF, for which the experimental values
become hidden by intrinsic fluctuations at t > 10−4 s).
Deviations between complete and simplified models for
the MSD are relatively small though visible for the lag
time above 1 µs (the range accessible in our experiment).
In turn, the deviations are much more explicit for the
VACF. We conclude that the hydrodynamic interactions
become significant for big tracers (of radius above one
micron) and at time scales below tens of microseconds.
The explicit formulas (8, 9) allow one to reveal the respec-
tive roles of various forces and mechanisms and to choose
the appropriate model for a reliable analysis of SPT tra-
jectories of endogeneous or artificial tracers in complex
viscoelastic media such as polymer networks and living
cells.
In conclusion, we presented a minimal phenomenolog-
ical model which accounts for inertial and hydrodynamic
effects at short times, subdiffusive scaling at intermedi-
ate times, and optical trapping at long times. All these
features have to be included in order to get accurate
fits to the experimental time-averaged MSD and VACF
of big tracers in actin gels when the lag time t ranges
from one microsecond (the acquisition time step in our
setup) to tens of seconds (the measurement duration).
We emphasize on the phenomenological character of the
model in which intricate interactions of a tracer with
actin filaments network are effectively characterized by
the scaling exponent α and the coefficients γα and γh.
Microscopic models and/or molecular dynamics simula-
tions are needed to relate these phenomenological pa-
rameters to mechanical properties of the actin network.
The advantage of the phenomenological model is that
the derived analytical formulas are explicit and easy to
compute through integral representations of the Mittag-
Leffler functions, while the model can be further extended
to incorporate other mechanisms (e.g., adding the term
sγ1 to 1/G˜(s) to treat separately the contributions from
the solvent, γ1, and from the polymer networks, γα).
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